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* Lecture aims:
* Facilitate combining and manipulating differential equations
* Identity the equations of motion of systems

* Understand the mathematical modeling of all systems and combination




Modeling of electrical system

* Kirchhofft’s laws:

1. Kirchhoft’s voltage law. The algebraic sum of the voltages in a loop 1s
equal to zero.
2. Kirchhott’s current law. The algebraic sum of the currents in a node is
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equal to zero.




Modeling of electrical system

* Kirchhoff’s laws:
Kirchhoftf’s voltage law. The algebraic sum of the voltages in a loop 1s equal to zero.
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Modeling of electrical system

Transfer from time domain to frequency domain:
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* Transfer function
L(s) Cs
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Modeling of electrical system

* Analogous to Kirchhoff’s
avs St nT Sheironkss s
d’Alembert’s law for
mechanical systems which

follows:

D’Alembert’s law of forces:

et sum ek tallinforces

1SS statediEas

acting upon a point mass 1s
equal to zero.

Resistor R
Inductor L.

Capacitor C

Friction coefficient B
Mass m

Spring constant K

Electrical Networks
w1 = Rilr)
Voltage v(t)

) v(l) = Ldii{f}
Current i(t) "
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Mechanical Systems

Force £(t) S(1) = Bul1)
Velocity v(t)
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Mathematical Modeling Of Electronic
Circuits

* Operational amplifiers, often called op-amps, are important building blocks in
modem electronic systems. They are used 1n filters in control systems and to

amplity signals in sensor circuits.

€q +
e, = K(ey — e1) = —K(e, — e3) S >
L
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* The input el to the minus terminal of the amplifier 1s inverted; the input e2
to the plus terminal is not inverted.)




Mathematical Modeling Of Electronic
Circuits

* Let us obtain the voltage ratio ¢o/¢i. In the derivation, we

assume the voltage at the minus terminal as ¢® This is called
an naginary short. Consider again the amplifier system
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Mathematical Modeling Of Electronic
Circuits

* Obtain the relationship between the output ¢o and the inputs
el, ¢2, and ¢3

e — ¢ ; e — &'
R’ 2 R, '’
e — &' - &' -
1 + & + €3
R, R, R;

* 2 = 0 Hicnce \we have

l.1=




Modeling ot Thermal System

q is the net rate of heat flow
C is the capacitance




Mathematical Modeling Ot A Thermal System

Input — output = stored

Qi(t) — (o (t) = (stored
do(t)
stored = € dt

g, = KA6 A |
K = —— for conduction

The coefficient Kis given by AX |
= HA for convection change in temperature difference
R= change in heat flow rate

do oo d40) _ 10
RC—-+6 =8,




Modeling of Motors

Armature
Stator

winding

Rotor windings
Brush
Shafl

Brush
o Commutator

Inertia = J Bearings

Friction = b

fa) (b}
A dc motor (a) wiring diagram
and (b) sketch.




Modeling of Motors

0(s) Km

V(s) X s-(J-s + b) (Lf'S + Rf) V o(s) S S'[(Ra+ La'S) (J-s + b) + Kb-Km]







Analogy

* Force — voltage analogy

L-—+R;+Cf:dr-e

In terms of the electric charge ¢, this last equation becomes

Mechanical Systems

Electrical Systems

Force p (torque T)
Mass m (moment of inertia J)

Viscous-friction coefficient b

Spring constant k

Dlsplacemant x (angular displacement )
Velocity x (angular velocity &)

Voltage e

Inductance L

Resistance R

Reciprocal of capacitance, 1/C

Charge g
Current i




Analogy

* Force — current analogy

fdr+—+c*— i

In terms of the magnetic tlux ¢, this last equation becomes

dy 1 dy
Cdz Rd!+—ql‘: i

Mechanical Systems Electrical Systems

Force p (torque T) Current §

Mass m (moment of inertia J) Capacitance C
Viscous-friction coefficient & Reciprocal of resistance, 1/R
Spring constant k Reciprocal of inductance, 1/L
Displacement x (angular displacement 8) | Magnetic flux linkage ¢
Velocity x (angular velocity 8) Voltage e




Modeling of Motors

g
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Modeling of Motors

Mard-Leonard
lenv-out

Amplifier

Tachomerter




Modeling of Motors

Amplifier

| Ward-Leonard
| lav-out

Amp.:':;ﬁ:r
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Mathematical Modeling

The equations of the Ward—Leonard layout are as follows . The Kirchhoff’s law of voltages of
the excitation flgl_d of the generator G is Gears
. I
Uy = REI'{ + L[d—:
The voltage v, of the generator G is proportional to the current i, i.e.,

Ug = Kgfr

The voltage v, of the motor M 1s proportional to the angular velocity w,,, 1.e.,
Uy = Ky, ’ Tachome

The differential equation for the current i, 1s

R, + La% = v, = Uy = Kyip — Kooy,
The torque T.of the motor is proportional to the current i.

Tm = Kmfa




Mathematical Modeling

The equations of the Ward—Leonard layout are as follows . The Kirchhoff’s law of voltages of
the excitation field of the generator G is
The rotational motion of the rotor is described by Gears Load

d
J:n?'k B:nmm - llifrn!:al

where Jn*= Jn+ N2J.and B.* =B.+ N2 B, where N = N./N..
Here, J. is the moment of inertia and B~ the viscosity
coefficient of the motor: likewise, for J.and B. of the load.

where use was made of the relation
i, = Newy,.

The tachometer equation
v, = Kim,

the amplifier equation




Mathematical Modeling

The mathematical model of the Ward-Leonard layout are as follows .

Q(s) K KN
Vils)  (Les + Re)[(Lys + Ry (Jns + By) + K K]
Q,(s) KK K,N

1.(5)  (Lgs + ROILys + R)(Jias + Bo) + K Ky

12(8) V(5] R A KN
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Analogy

* Force — voltage analogy

L-—+R;+Cf:dr-e

In terms of the electric charge ¢, this last equation becomes

Mechanical Systems

Electrical Systems

Force p (torque T)
Mass m (moment of inertia J)

Viscous-friction coefficient b

Spring constant k

Dlsplacemant x (angular displacement )
Velocity x (angular velocity &)

Voltage e

Inductance L

Resistance R

Reciprocal of capacitance, 1/C

Charge g
Current i




Analogy

* Force — current analogy

fdr+—+c*— i

In terms of the magnetic tlux ¢, this last equation becomes

dy 1 dy
Cdz Rd!+—ql‘: i

Mechanical Systems Electrical Systems

Force p (torque T) Current §

Mass m (moment of inertia J) Capacitance C
Viscous-friction coefficient & Reciprocal of resistance, 1/R
Spring constant k Reciprocal of inductance, 1/L
Displacement x (angular displacement 8) | Magnetic flux linkage ¢
Velocity x (angular velocity 8) Voltage e




Model Examples

* Stepper motor




